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Electromagnetic gauge choice
for scattering of Schrödinger particle
Andrzej Herdegen
Abstract. We consider a Schrödinger particle placed in an external elec-
tromagnetic field of the form typical for scattering settings in the field
theory: F “ F ret ` F in “ F adv ` F out, where the current producing
F
ret{adv has the past and future asymptotes homogeneous of degree ´3,
and the free fields F in{out are radiation fields produced by currents with
similar asymptotic behavior. We show that with appropriate choice of
electromagnetic gauge the particle has ‘in’ and ‘out’ states reached with
no further modification of the asymptotic dynamics. We use a special
quantum-mechanical evolution ‘picture’ in which the free evolution op-
erator has well-defined limits for t Ñ ˘8, thus the scattering wave
operators do not need the free evolution counteraction. The existence
of wave operators in this setting is established, but the proof of asymp-
totic completeness is not complete: more precise characterization of the
asymptotic behavior of the particle for |x| “ |t| would be needed.
Mathematics Subject Classification (2010). Primary 81U99; Secondary
81V10.
Keywords. scattering, electromagnetic field, Schrödinger particle.
1. Introduction
Infrared problems are typical for theories with long-range interactions, and
extend over wide range of physical settings. They are particularly persistent
in the relativistic quantum theory–quantum field theory–where their nature
is not only technical, but also conceptual. The standard procedure adopted in
mathematically oriented formulations of the quantum electrodynamics (and
other theories with long range interaction) is to use local potentials (of Gupta-
Bleuler type) with adiabatically truncated interaction. One argues that this
setting is sufficient to construct (perturbatively) the local algebra of observ-
ables of the theory. However, the removal of the cut-off is a singular operation,
which has the consequence that the states of the desired theory cannot be
those in which the truncated theory is constructed. This is well-known and
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generally accepted. But one can also ask, whether the truncation of interac-
tion does not remove some structure from the theory in an irreversible way;
the algebraic equivalence of local algebras, for all cutoff functions equal to
one in the considered region, is based on an interpolating relation, which
becomes singular in the limit of the function tending to unity on the whole
spacetime.1
Considerations similar to those described above has motivated the pre-
sent author, many years ago, to attempts to include, from the beginning, the
long-range degrees of freedom of the theory in the description. These attempts
went in two main directions: (i) construction of a nonlocal electromagnetic
potential in which scattering of a Dirac particle is infrared nonsingular (see [4]
for the analysis at the level of classical fields); and (ii) extension of the algebra
of the free quantum electromagnetic field which includes long-range degrees
of freedom, and which is thought of as an asymptotic algebra, potentially
starting point for perturbation calculus (see [5] and a recent synopsis [6]).
The present article is a further test of the idea mentioned in (i) above.
In article [4] I have considered the scattering of the classical Dirac field in
an external electromagnetic field of the type supposed to be present in full
interacting theory. It was shown that if an appropriate (nonlocal, in gen-
eral) electromagnetic gauge is chosen, then the Dirac field has a well-defined
asymptote in remote future (and past) inside the lightcone. This asymptote
is reached without further corrections of asymptotic dynamics, as usually em-
ployed in long-range scattering. Moreover, the scattered outgoing Dirac field
is constructed with the use of this asymptote. The hope behind this analysis
is that a similar construction in quantum case could similarly relieve some of
the infrared problems.
The article mentioned above lacks the discussion of the asymptotic be-
havior of the Dirac field on the whole hyperplanes of constant time, for this
time tending to infinity. In the present paper we analyze this question in the
case of nonrelativistic Schrödinger particle. We show the existence of asymp-
totic velocity operators and of isometric wave operators. The null asymptotic
behavior of radiation fields (and their potentials), together with all their
derivatives, is only of (1/time) type, which breaks the usual assumptions
imposed on time-decaying potentials considered in Schrödinger scattering
(see [2], [11]). In the present setting this behavior has prevented the proof of
asymptotic completeness. Whether this can be overcome is an open question.2
The choice of gauge found appropriate for the problem of [4] was such
that x ¨ Apxq (Minkowski product of the position vector with the potential)
vanishes sufficiently fast in remote future (and past) inside the lightcone
1For recent results on adiabatic limit in quantum field theory, as well as a review of
literature, see [1].
2Long-range scattering in the position representation has been discussed before, see e.g. [3]
and [11], but not for the context considered here, and with no relation to the choice of
electromagnetic gauge.
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(x2 ą 0). Here we shall construct an appropriate gauge in the whole space-
time, and will see that its behavior inside the lightcone is of the same type
as before.
The method used for our analysis is the transformation of the time evo-
lution from the Schrödinger picture to a new ‘picture’, which we describe
in Section 2, and in which the state vector of a particle tends to its space-
time asymptotic forms in asymptotic times. As it turns out, the simplest
choice of such transformation is the well-known Niederer transformation to
the harmonic oscillator system [8]. In Section 3 this oscillator is placed in
electromagnetic field, and in Section 4 transformed back to the Schrödinger
picture. In order to construct the time-dependent hamiltonian, and the evo-
lution it generates, we follow an article by Yajima [12] in its use of the Kato
theorem.3 In Section 5 we discuss in detail the relation between potentials
and fields in the two pictures, and define a gauge appropriate for the de-
scription of scattering along the lines described above. Section 6 contains
theorems on scattering in oscillator picture. Reformulation of these results in
natural spacetime terms and some final remarks are contained in Section 7.
Appendix A discusses some relations between domains of operators needed
in the main text. In Appendix B we discuss the scope of electromagnetic
fields admitted in the article, and analyse, for completeness, their spacetime
estimates. Appendix C clarifies a particular differentiation employed in Sec-
tion 6.
2. Harmonic oscillator picture
Let H “ L2pR3q and denote H0 “ ´ 12∆, the free particle hamiltonian with
the corresponding evolution operator U0pt, sq.4 The free particle wave packet
ψptq “ U0pt, 0qψ is given by the Fourier representation
ψpt,xq “ p2piq´3{2
ż
exp
“´ i
2
t|p|2 ` ip ¨ x‰ψˆppq d3p ,
and for ψˆ regular enough, by the use of stationary phase method, has the
following asymptotic forms for |t| Ñ 8:
ψpt, |t|yq „ |t|´3{2e¯i3pi{4 exp “ i
2
t|y|2‰ψˆp˘yq for tÑ ˘8 . (1)
We would like to find a new evolution ‘picture’, in which the state vector
of the particle has well defined limits for tÑ ˘8. Using the asymptotic forms
3There is also some similarity in the use of two time evolutions related by unitary transfor-
mations. However, the transformations are quite different: it is a pure gauge transformation
in [12], while here it is the transformation to the new ‘picture’ mentioned above. Also, the
aims of these operations are quite different: Yajima’s goal is to include electromagnetic
fields as singular as possible (both locally, and in infinity), while here we are interested in
scattering theory.
4We set ~ “ 1, c “ 1 and use dimensionless rescaled quantities; to recover physical quan-
tities one should substitute pt, xq ÞÑ pmt,mxq, with m the mass of the particle. Also, the
electromagnetic potentials to appear later should be multiplied by q{m, with q the charge
of the particle.
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(1) as a guideline, we define for t P R the following transformation in H:
rNptqχspxq “ xty´3{2 exp
” it
2
´ |x|
xty
¯2ı
χ
´ x
xty
¯
,
where xty ą 0 is a C1-function of t, such that xty{|t| Ñ 1 for |t| Ñ 8, whose
exact form is to be determined. This is a unitary transformation and the
conjugate transformation is
rNptq˚ψspyq “ xty3{2 exp “´ i
2
t|y|2‰ψpxtyyq .
We use the family of operators Nptq to transform the Schrödinger state vec-
tors and observables respectively by
ψSptq ÞÑ ψN ptq “ Nptq˚ψSptq , ASptq ÞÑ AN ptq “ Nptq˚ASptqNptq .
The evolution operator for ψN ptq:
U0Npt, sq “ Nptq˚U0pt, sqNpsq
is strongly continuous, and for χ P C80 pR3q the vector U0Npt, sqχ is strongly
differentiable in t and in s, and a straightforward calculation shows that
iBtU0N pt, sqχ “ H0N ptqU0N pt, sqχ ,
where (with xty1 “ dxty{dt)
H0N ptq “ Nptq˚H0Nptq ´ iNptq˚BtNptq
“ 1
2xty2
´
rp2 ` pxty2 ´ t2qx2s ` pt´ xtyxty1qrx ¨ p` p ¨ x` 2tx2s
¯
;
here and in what follows p “ ´iB. A large class of functions xty for which
t ´ xtyxty1 tends to zero and xty2 ´ t2 tends to a constant sufficiently fast
would fulfil our demands formulated after (1). However, the simplest choice
is to demand t ´ xtyxty1 “ 0, in which case xty2 “ t2 ` κ2, where κ2 is
a constant. The choice of this constant is physically irrelevant, and as our
variables are dimensionless, the simplest choice is κ “ 1, so that Np0q “ 1.
The new picture hamiltonian is now
H0N ptq “ 1
2xty2 rp
2 ` x2s , xty “
a
t2 ` 1 ,
and the choice of xty holds in the rest of the article. If we now define
u0pτ, σq “ U0N ptan τ, tanσq ,
then
u0pτ, σq “ expr´ipτ ´ σqh0s , h0 “ 12 rp2 ` x2s .
The evolution of the free particle state over t P p´8,`8q corresponds now
to the evolution over τ P p´pi{2,`pi{2q, thus over half the period of the har-
monic oscillator. We shall call this new description of evolution the harmonic
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oscillator picture. The scattering change of state is described in this picture
by the operator
s-lim
τÕpi{2
u0p`τ,´τq “ u0p`pi{2,´pi{2q “ expr´ipih0s “ iP ,
where P is the parity operator rPχspxq “ χp´xq. This formula is in agree-
ment with the asymptotic forms (1).
The transformation Nptq leading from a free particle to an harmonic
oscillator has been discovered much earlier by Niederer [8]. It is interesting
to note, that his original derivation was a result of group-theoretical consid-
erations, with no relation to scattering theory. Although the Niederer trans-
formation has found numerous applications in literature, to our knowledge it
has not appeared in the scattering of a Schrödinger particle context before.
Which, if true, would be quite surprising, if one notes its striking similarity
to the asymptotic form (1).
We shall later see that the above relation extends to a system placed in
external electromagnetic field: a charged particle dynamics becomes a charged
oscillator in the new picture (with electromagnetic potentials appropriately
transformed). For technical reasons, we find it convenient to start our dis-
cussion in the oscillator picture, and only then transform into Schrödinger
picture.
3. Harmonic oscillator in electromagnetic field
We consider in H “ L2pR3q the hamiltonian
h “ 1
2
ppi2 ` x2q ` v , pi “ p´ a ,
where apτ,xq and vpτ,xq are electromagnetic potentials. This hamiltonian
may be given the precise meaning for a wide class of potentials (see [12]), but
for our purposes it is sufficient to consider the following setting.
First note, that for vanishing potentials the corresponding ‘unperturbed’
harmonic oscillator hamiltonian h0 “ 12 pp2`x2q is determined by the closed
quadratic form5
q0pϕ, ψq “ 12 ppϕ,pψq ` 12 pxϕ,xψq ,
Dpq0q “ tψ P H|pψ P H,xψ P Hu “ Dppq XDpxq “ Dph1{20 q
and the following relations hold
Dph0q “ Dpp2q XDpx2q Ď Dpx ¨ p` p ¨ xq (2)
(see Appendix A).6 Moreover, C80 pR3q is a form-core and a core for h0 (see
Thm.X.28 in [10]).
5Conditions like pψ P H and xψ P H below, and similar other to appear further with
vector quantities on the lhs, are meant to hold component-wise.
6It is quite surprising, that the characterization of the harmonic oscillator domain given by
the equality in (2) is rather hard to find in standard textbook discussions of the harmonic
oscillator.
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We also note an elementary inequality which will be used below. Let
ψpτq P H depend differentiably on a real parameter τ . Then
|Bτ }ψpτq}| ď }Bτψpτq} . (3)
To show this, note that Bτ }ψpτq}2 “ 2Repψpτq, Bτψpτqq and use the Schwarz
inequality for the rhs.
Proposition 1. Let a and v be in L8pR3q (for each fixed time) and define the
quadratic form
qpϕ, ψq “ 1
2
ppiϕ,piψq ` 1
2
pxϕ,xψq ` pϕ, vψq ” q0pϕ, ψq ` ρpϕ, ψq ,
with the form-domain Dpqq “ Dpq0q. Then q is a closed form correspond-
ing to the unique self-adjoint operator h, for which C80 pR3q is a form core.
If α ą }v}8, then h` α1 is positive, and Dpph` α1q1{2q “ Dpq0q.
If, in addition, pB ¨aq is also in L8pR3q, then Dphq “ Dph0q, and C80 pR3q
is a domain of essential self-adjointness of h.
Proof. For ϕ P Dpq0q one has
|ρpϕ, ϕq| ď }aϕ}}pϕ} ` pϕ, r 1
2
a2 ` |v|sϕq ď 1
2
q0pϕ, ϕq ` c1}ϕ}2 .
Therefore, the first part of the theorem follows by the KLMN theorem (see
e.g. [10], Thm.X.17). If, in addition, pB ¨aq P L8pR3q, then for ϕ P Dpq0q and
ψ P Dph0q we have ρpϕ, ψq “ pϕ, rψq with
r “ h´ h0 “ ´a ¨ p` i2 pB ¨ aq ` 12a2 ` v , (4)
so
}rψ} ď p}a}8}ψ}1{2qp}pψ}}ψ}´1{2q ` c2}ψ} ď 12}h0ψ} ` c3}ψ} . (5)
Thus the second part of the thesis follows by the Kato-Rellich theorem. ˝
The existence of the corresponding evolution operators is assured under
the conditions of the following theorem. Here and in the rest of the article the
overdot denotes differentiation with respect to time in the oscillator picture.
Theorem 2. For an interval I Ă R let the functions a, B ¨ a, 9a, B ¨ 9a, v and 9v
be in L8pI ˆ R3q. Then for τ, σ P I:
(i) all hpτq satisfy Proposition 1;
(ii) there exists the unique unitary propagator upτ, σq for the family hpτq,
strongly continuous in pτ, σq, with the following properties:
(a) upτ, σqDph0q “ Dph0q;
(b) for ψ P Dph0q the map pτ, σq ÞÑ upτ, σqψ is of class C1 in the
strong sense and
iBτupτ, σqψ “ hpτqupτ, σqψ , (6)
iBσupτ, σqψ “ ´upτ, σqhpσqψ . (7)
Proof. For ψ P Dph0q we have
9hψ “ 9rψ “ r´ 9a ¨ p` i
2
pB ¨ 9aq ` 9a ¨ a` 9vsψ ,
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see (4), so estimating as in (5) we obtain } 9hψ} ď 1
2
}h0ψ} ` c4}ψ} and
}rhpτq ´ hpσqsψ} ď |τ ´ σ|p1
2
}h0ψ} ` c4}ψ}q . (8)
Next, using (5) we find
}h0ψ} “ 2}rh´ rsψ} ´ }h0ψ} ď 2p}hψ} ` c3}ψ}q ,
so
} 9hψ} ď }hψ} ` c5}ψ} .
Let us denote
}ψ}τ ” r}hpτqψ}2 ` }ψ}2s1{2
–the graph norm of hpτq. The use of (3) now gives
|Bτ }ψ}2τ | ď 2}hψ}} 9hψ} ď 2c}ψ}2τ
for some c ą 0. This implies }ψ}τ ď ec|τ´σ|}ψ}σ, and the way is paved
for the application of the Kato theorem in the form given by Theorem 3.2
in [12]. Denote Y “ Dph0q equipped with the graph norm of h0, and X “ H.
Then (8) says that hpτq : Y ÞÑ X is norm-continuous. Moreover, let Yτ be
Dph0q equipped with the graph norm }.}τ , and identify Apτq “ hpτq. Then
all conditions of this theorem are satisfied and one obtains upτ, σq with the
stated properties. ˝
4. From oscillator to Schrödinger picture
The way back to the Schrödinger picture is achieved as follows.
Theorem 3. Let a and v satisfy the assumptions of Theorem 2 on each com-
pact interval I Ă p´pi{2,`pi{2q. Denote
Apt,xq “ xty´1aparctan t, xty´1xq ,
V pt,xq “ xty´2rvparctan t, xty´1xq ` xty´1tx ¨ aparctan t, xty´1xqs ,
(9)
Upt, sq “ Nptquparctan t, arctan sqNpsq˚ . (10)
Then R2 Q pt, sq ÞÑ Upt, sq is a strongly continuous family of unitary evolution
operators, with the properties:
(i) Upt, sqDph0q “ Dph0q;
(ii) for ψ P Dph0q the map pt, sq ÞÑ Upt, sqψ is of class C1 in the strong
sense and
iBtUpt, sqψ “ HptqUpt, sqψ , iBsUpt, sqψ “ ´Upt, sqHpsqψ , (11)
where
Hptq “ 1
2
Πptq2 ` V ptq , Π “ p´A .
Operators Hptq are essentially self-adjoint on C80 pR3q.
The inverse relations of potentials are
apτ,xq “ xtyApt, xtyxq|t“tan τ ,
vpτ,xq “ xty2“V pt, xtyxq ´ pt{xtyqx ¨Apt, xtyxq‰|t“tan τ .
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Proof. Taking into account relations (2) one finds Npsq˚Dph0q “ Dph0q and
NptqDph0q “ Dph0q, which proves (i). For ψ P Dph0q and F–the operator of
multiplication by the function F pxq, we have
rNptqFNptq˚ψspxq “ F px{xtyqψpxq , (12)
rNptqpNptq˚ψspxq “ “xtyp´ pt{xtyqx‰ψpxq ,
so a straightforward calculation gives
rNptqhparctan tqNptq˚ψspxq
“ xty2“1
2
pp´Apt,xqq2 ` V pt,xq‰ψpxq ` 1
2
rx2 ´ tpx ¨ p` p ¨ xqsψpxq ,
with A and V given in the thesis. On the other hand
´irNptqBtNptq˚ψspxq “ 12xty´2r´x2 ` tpx ¨ p` p ¨ xqsψpxq .
Thus equations (11) are satisfied with
Hptq “ xty´2Nptqhparctan tqNptq ´ iNptqBtNptq “ 12Πptq2 ` V ptq .
For each t the norm }Apt, .q}8 is finite, and if }V pt, .q}8 is finite as well, then
the essential self-adjointness follows easily in standard way (as in the proof
of Proposition 1). In general, there is only }x|x|y´1V pt, .q}8 ă 8 (due to the
x ¨a term in V ), but then the use of the Leinfelder-Simader theorem (Thm. 4
in [7]) leads to the same conclusion. ˝
5. Electromagnetic fields and gauges
We shall now discuss in detail the relation between pV,Aq and pv, aq defined
in (9). We assume that all differentiations to appear may be performed, but
in the following theorem the assumptions of Theorem 3 are not needed.
Proposition 4. Let pV,Aq and pv, aq be related by (9). Denote the electric and
magnetic fields of these potentials by pE,Bq and pe,bq, respectively. Then the
following is satisfied:
(i) The gauge transformation
AΛpt,xq “ Apt,xq ´ BΛpt,xq , VΛpt,xq “ V pt,xq ` BtΛpt,xq ,
is equivalent to the transformation
aλpτ,xq “ apτ,xq ´ Bλpτ,xq , vλpτ,xq “ vpτ,xq ` Bτλpτ,xq
where λpτ,xq “ Λpt, xtyxq|t“tan τ .
(ii) The electromagnetic fields are related by:
epτ,xq “
”
xty3Ept, xtyxq ` txty2xˆBpt, xtyxq
ı
t“tan τ
,
bpτ,xq “ xty2Bpt, xtyxq|t“tan τ .
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(iii) For given pv, aq choose the gauge function as
λepτ,xq “ ´
ż τ
0
vpρ,xqdρ` λep0,xq ,
where λep0,xq constitutes the remaining freedom in the definition. Then:
vepτ,xq “ 0 , aepτ,xq “ aep0,xq ´
ż τ
0
epρ,xqdρ , (13)
which we shall call an a-gauge. In these gauges the assumptions of
Theorem 3 are reduced to the following: aep0q, B ¨ aep0q P L8pR3q and
e, B ¨ e P L8pI ˆ R3q for each compact interval I Ă p´pi{2,`pi{2q.
(iv) In all a-gauges the four-potential Aapxq “ pV pt,xq,Apt,xqq satisfies
xˆ ¨Apxq “ 0 , xˆ “ x` ppx0q´1,0q (14)
(there is no singularity at x0 “ 0).
Proof. All properties follow by simple calculations, which we leave to the
reader. ˝
Preparing to discuss scattering, we need to formulate the asymptotic
behavior of potentials and fields: for upper case fields in the limit |t| Ñ 8,
and the corresponding behavior of lower case fields in the limit |τ | Ñ pi{2.
It will be convenient to denote
Cpt,xq “ tEpt,xq ` xˆBpt,xq , (15)
so then
epτ,xq “
”
txtyCpt, xtyxq ` xtyEpt, xtyxq
ı
t“tan τ
. (16)
In what follows we shall always use a-gauges, so we only need to consider
the fields E,C and e. In Appendix B we summarize the asymptotic properties
of electromagnetic fields in scattering settings in Minkowski space. For E and
C it will be sufficient to note
|Ept,xq| ď const , |Cpt,xq| ď const
1` |t| ` |x| , (17)
while for divergence of C we shall need the bound
|B ¨Cpt,xq| ď constp1` |t| ` |x|qp1 ` ||t| ´ |x||qγ (18)
for some 1 ě γ ą 0. A straightforward calculation with the use of (16) shows
that these relations imply the following lower case fields bounds:
|epτ,xq| ď const
cos τ
, |B ¨ epτ,xq| ď constpcos τq2´γpcos τ ` || sin τ | ´ |x||qγ , (19)
where in the last formula we have taken into account that B ¨ Ept,xq “
4piρpt,xq (the charge density), which gives a contribution to B ¨e bounded by
a constant, which is less restricting than the term in (19).
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While reading the next section, the reader is asked to note that the
bounds (19) are sufficient to satisfy the assumptions of Theorems 5 and 6,
but for Theorem 7 the second bound in (19) would have to be replaced by
|B ¨ epτ,xq| ď constpcos τq2´γ . (20)
6. Scattering in oscillator picture
Turning to the discussion of scattering, we start again with the oscillator
picture. With increasingly restrictive assumptions we shall prove:
(i) existence of asymptotic position,
(ii) existence of wave operators, and
(iii) their unitarity (asymptotic completeness).
From now on we shall use only a-gauges defined by (13), and we omit the
subscript e.
For any operator k “ kpτq with Dph0q Ď Dpkpτqq we denote
k˜ “ k˜pτq “ up0, τqkpτqupτ, 0q , so Dph0q Ď Dpk˜pτqq . (21)
We assume that the assumptions of Theorem 3, as reformulated in Proposi-
tion 4 (iii), are satisfied. Then for ψ P Dph0q, following the remarks in Ap-
pendix C, one finds
9˜
hψ “ 1
2
re˜ ¨ p˜i ` p˜i ¨ e˜sψ , (22)
9˜xψ “ p˜iψ ,
Bτfpx˜qψ “ pBfqpx˜q ¨ p˜iψ ´ i2 p∆fqpx˜qψ , (23)
where f is any smooth bounded function with bounded derivatives. Using
(22) we obtain
|Bτ }h˜1{2ψ}2| “ |pψ, 9˜hψq| ď }e˜ψ}}p˜iψ} ď
?
2}e˜ψ}}h˜1{2ψ} ,
so
|}h˜pτq1{2ψ} ´ }hp0q1{2ψ}| ď 1?
2
ż τ
0
}e˜pσqψ}dσ .
It follows, in particular, that
}p˜ipτqψ} ď
?
2 }hp0q1{2ψ} `
ż τ
0
}epσ, .q}8dσ}ψ} . (24)
Theorem 5. Let the electromagnetic fields and potentials satisfy the assump-
tions of Theorem 3 in the form given in Proposition 4 (iii). If the field e
satisfies ż pi{2
´pi{2
`
pi
2
´ |τ |˘}epτ, .q}8 dτ ă 8 ,
then there exist the asymptotic position operators x˜˘ defined by
exp
“
iq ¨ x˜˘s “ s-lim
τÑ˘pi{2
exp
“
iq ¨ x˜pτq‰ (25)
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for all numerical vectors q. The limit then holds for any Schwartz function.
Proof. Using equation (23) we obtain››Bτ exp “iq ¨ x˜pτq‰ψ›› “ }rq ¨ p˜ipτq ` 12q2sψ} ď |q|}p˜ipτqψ} ` 12 |q|2}ψ} . (26)
Noting that the integration by parts givesż pi{2
0
ż τ
0
}epσ, .q}8dσdτ ď
ż pi{2
0
`
pi
2
´ τ˘}epτ, .q}8dτ , (27)
we observe that the rhs of (24) and (26) are integrable over r0, pi{2s. Therefore,
the limit lim
τÑpi{2
expriq ¨ x˜pτqsψ exists for each ψ P Dph0q, hence for all ψ. The
existence of a self-adjoint operator x˜` satisfying the limiting relation (25)
follows.7 The case of x˜´ is similar. ˝
We now turn to the existence of wave operators.
Theorem 6. Let the electromagnetic fields and potentials satisfy again the
assumptions given in Proposition 4 (iii). Suppose thatż pi{2
´pi{2
`
pi
2
´ |τ |˘2}epτ, .q2}8 dτ ă 8
and for each closed set K Ă R3ztx : x2 “ 1u, with notation }.}K,8 ”
}.}L8pKq, there is ż pi{2
´pi{2
`
pi
2
´ |τ |˘}B ¨ epτ, .q}K,8 dτ ă 8 . (28)
Then there exist isometric wave operators
up0,˘pi{2q ” s-lim
τÑ˘pi{2
up0, τq ” ω˘ , (29)
such that for each bounded, continuous function fpxq with support not inter-
secting x2 “ 1 there is
fpx˜˘q “ ω˘fpxqω˚˘ . (30)
It follows that
ω˘ω˚˘ “ E˘ ” 1´ 1t1upx˜2˘q (31)
and
s-lim
τÑ˘pi{2
upτ, 0qE˘ “ ω˚˘ . (32)
Proof. Let ψ be any smooth function with compact supportK outside x2 “ 1.
If we show that }hpτqψ} is integrable over r´pi{2, pi{2s, then by Eq.(7) up0, τqψ
converges for τ Ñ ˘pi{2. As the assumed class of functions is dense in H, the
existence of ω˘ will be achieved. Now,
}hpτqψ} ď }h0ψ} ` }apτq ¨ Bψ} ` 12}pB ¨ aqpτqψ} ` 12}apτq2ψ}
ď }h0ψ} ` }apτ, .q}8}Bψ} ` 12
`}apτ, .q}28 ` }B ¨ apτ, .q}K,8˘}ψ} . (33)
7This is a simple consequence, which is left to the reader as Problem VIII.23 in [9].
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Using the Schwarz inequality and the gauge (13) we have
2
pi
„ pi{2ż
0
}apτ, .q}8dτ
2
ď
pi{2ż
0
}apτ, .q}28dτ ď pi}ap0, .q}28 ` 2
pi{2ż
0
npτq2dτ ,
where npτq “ şτ
0
}epσ, .q}8dσ. Integrating by parts and then using the Schwarz
inequality we obtainż pi{2
0
npτq2dτ ď 2
ż pi{2
0
ppi
2
´ τqnpτq 9npτqdτ
ď 2
dż pi{2
0
npτq2dτ
dż pi{2
0
ppi
2
´ τq2 9npτq2dτ ď 4
ż pi{2
0
ppi
2
´ τq2}epτ, .q}28dτ ,
which shows that the second and third terms on the rhs of (33) are integrable
over r0, pi{2s. Finally, integrating by parts as in (27) we findż pi{2
0
}B ¨ apτ, .q}K,8dτ ď pi2 }B ¨ ap0, .q}K,8 `
ż pi{2
0
ppi
2
´ τq}B ¨ epτ, .q}K,8dτ ,
which completes the proof of the existence of ω` (29). The case of ω´ is
analogous.
The proof of the remaining claims is based on the following property,
to be proved below: for each smooth function fpxq with compact support K
not intersecting x2 “ 1, there is
s-lim
τÑ˘pi{2
fpxqupτ, 0q “ fpxqω˚˘ . (34)
Once this is proved, we have
fpx˜˘q “ s-lim
τÑ˘pi{2
up0, τqfpxqupτ, 0q “ ω˘fpxqω˚˘ ,
where the first equality is the result of Theorem 5. Each bounded continuous
function with support outside x2 “ 1, as well as the characteristic function
of the set R3ztx|x2 “ 1u, is a point-wise limit of the above functions, so (30)
and (31) follow (for the latter note that 1t1upx2q “ 0). Finally, there is
}upτ, 0qE˘ψ ´ ω˚˘ψ}2 “ 2}E˘ψ}2 ´ 2RepE˘ψ, up0, τqω˚˘ψq Ñ 0
for τ Ñ ˘pi{2, so (32) follows.
Turning to the proof of the remaining property (34) we use (6) to obtain
for ψ P Dph0q:
u0p0, τqfpxqupτ, 0qψ “ fpxqψ ´ i
ż τ
0
u0p0, σqrfhpσq ´ h0f supσ, 0qψdσ , (35)
where u0 and h0 are unperturbed operators, and without restricting general-
ity we assume }f}8 ď 1. Now,
fh´ h0f “ piBf ´ faq ¨ pi ` 12fpiB ¨ a´ a2q ` ipBf ¨ aq ` 12 p∆fq .
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The norm of the integrand in (35) may be thus bounded as
}rfhpσq ´ h0f supσ, 0qψ} ď p}Bf}8 ` }apσ, .q}8q}p˜ipσqψ}
` 1
2
”
}B ¨ apσ, .q}K,8 ` }apσ, .q}28 ` 2}Bf}8}apσ, .q}8 ` }∆f}8
ı
}ψ} .
The integrability on r0, pi{2s of the terms in the second line follows from the
proof of the existence of ω`, and of the first term in the first line–from the
proof of Thm. 5. Finally, the proof of integrability of }apσ, .q}8}p˜ipσqψ} is
very similar to the case of }apσ, .q}28 (see relations (13) and (24)). This shows
that the lhs of (35) has a limit for τ Ñ pi{2. But u0p0, τq has a unitary
strong limit operator u0p0, pi{2q, so fpxqupτ, 0qψ converges strongly to some
vector χ. It follows that for each vector ϕ there is
pϕ, χq “ lim
τÑpi{2
pϕ, fpxqupτ, 0qψq “ lim
τÑpi{2
pup0, τqfpxq˚ϕ, ψq “ pω`fpxq˚ϕ, ψq ,
so χ “ fpxqω˚`ψ and the property (34) follows. ˝
It should be clear from the proof of the above theorem that the only
potential obstacle to the asymptotic completeness is the behavior of B ¨epτ,xq
in the neighborhood of x2 “ 1. If the norm }B ¨ epτ, .q}K,8 may be replaced
by }B ¨ epτ, .q}8, then in the proof of convergence of (35) the function f may
be replaced by 1, and one obtains the following.
Theorem 7. If the assumptions of Theorem 6 hold with the condition (28)
replaced by ż pi{2
´pi{2
`
pi
2
´ |τ |˘}B ¨ epτ, .q}8 dτ ă 8 ,
then the wave operators ω˘ are unitary.
7. Back to spacetime and conclusions
Let us remind the reader, that the class of scattering electromagnetic fields
F pxq was announced in the abstract, and then discussed in Appendix B. The
bounds they satisfy were adapted to the field e in Section 5, where we also
anticipated that the resulting estimates satisfy the assumptions of Theorems 5
and 6. We now formulate the results of these theorems in natural spacetime
terms, with the use of relation (10) providing the link between the oscillator
picture evolution operator upτ, σq and the Schrödinger operator Upt, sq.
The asymptotic variables x˜˘ provided by Theorem 5 may be obtained
by
exp
“
iq ¨ x˜˘s “ s-lim
tÑ˘8
Up0, tq exp
”
iq ¨ xxty
ı
Upt, 0q ,
where we used relation (12). Now they have a natural interpretation of asym-
ptotic velocity operators. The wave operators ω˘ of Theorem 6 are now
ω˘ “ s-lim
tÑ˘8
Up0, tqNptq ,
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and their conjugates are given by
ω˚˘ “ s-lim
tÑ˘8
Nptq˚Upt, 0qE˘ .
It is visible that with our choice of gauge the definition of wave operators
in the present formalism does not need further corrections (e.g. of the Dollard
type) to compensate the long-range character of the interaction. The joint
spectrum of x˜` (and similarly x˜´) covers the whole space R3 and outside
x˜2` “ 1 (x˜2´ “ 1) is absolutely continuous. Whether this continuity extends to
R
3, in which case E˘ “ 1 and the asymptotic completeness holds, is an open
problem. The difficulty lies in the null-asymptotic behavior of electromagnetic
potentials (and fields), which is slower than assumed in usual analyses of time-
decaying potentials. The problem may be due to the usual inconsistency in
systems of the considered type: the Lorentz symmetry of the electromagnetic
field vs Galilean symmetry of the Schrödinger equation.
The existence of the wave operators in the given form, despite the prob-
lems with asymptotic completeness, is a further argument for our main point:
appropriate choice of gauge eliminates at least some of the infrared problems.
The gauge condition found suitable in the present context is characterized by
Eq. (14). This property closely parallels the gauge condition obtained in the
analysis of the asymptotic behavior of the Dirac field inside the lightcone [4].
In our opinion this may have interesting implications for quantum electrody-
namics as well, although in that context the non-locality of the gauge will be
a problem (cf. (13)).
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Appendix
Appendix A. Domain relations
Lemma 8. Let a, Ba P L8pR3q, so that the operator pi2 ` x2 is essentially
self-adjoint on C80 pR3q. Then the following inequalities are satisfied
}pi2ϕ}2 ` }x2ϕ}2 ď }ppi2 ` x2qϕ}2 ` 6}ϕ}2 , (36)
}px ¨ pi ` pi ¨ xqϕ}2 ď 2p}pi2ϕ}2 ` }x2ϕ}2q ` 3}ϕ}2 . (37)
Therefore,
Dppi2q XDpx2q “ Dppi2 ` x2q Ď Dpx ¨ pi ` pi ¨ xq .
Proof. For ϕ P C80 pR3q the following identity is easily obtained:
ϕpi2ϕ` ϕpi2ϕ “ ´∆|ϕ|2 ` 2|piϕ|2 . (38)
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Multiplying this by x2 and integrating one obtains (integrate by parts the
first term on the rhs)
Reppi2ϕ,x2ϕq “ ´3}ϕ}2 ` }|x|piϕ}2 ě ´3}ϕ}2 ,
so (36) for ϕ P C80 pR3q easily follows. For (37) note that |x ¨piϕ|2 ď x2|piϕ|2,
so using again (38) we have
}x ¨ piϕ}2 ď 1
2
ż
x2∆|ϕ|2 ` Reppi2ϕ,x2ϕq
ď 3}ϕ}2 ` }pi2ϕ}}x2ϕ} ď 1
2
p}pi2ϕ}2 ` }x2ϕ}2q ` 3}ϕ}2 .
Moreover, splitting x ¨ pi “ 1
2
px ¨ pi ` pi ¨ xq ` 3
2
i one has
}x ¨ piϕ}2 “ 1
4
}px ¨ pi ` pi ¨ xqϕ}2 ` 9
4
}ϕ}2 .
Substituting this on the lhs of the last inequality one obtains (37) for
ϕ P C80 pR3q.
If ϕ P Dppi2 ` x2q, then it is approximated in the graph norm of this
operator by a sequence ϕn P C80 pR3q. The inequalities (36) and (37) show
that then this is also a Cauchy sequence in the graph norms of pi2, x2 and
x ¨pi`pi ¨x. These operators are closed, so ϕ is in their domains, and relations
(36) and (37) are satisfied on Dppi2 ` x2q. The inclusion Dppi2q X Dpx2q Ď
Dppi2 ` x2q is obvious. ˝
Appendix B. Asymptotic behavior of electromagnetic fields
We discuss here the decay properties of electromagnetic fields in the Minkowski
spacetime language. For more extensive discussion and explanation of details
we refer the reader to [6].
Fields E and B are the 3-vector parts of the Minkowski tensor Fabpxq
given by
Eipt,xq “ F i0pxq , Bipt,xq “ ´
ÿ
jk
εijkF jkpxq ;
here and in the rest of these remarks: x “ pt,xq; a, b are Minkowski indices
and i, j, k are 3-space indices. Also, we note that the field C defined by (15)
is the 3-vector space part of the field
Capxq “ F abpxqxb . (39)
Electromagnetic fields present in scattering situations of the field theory
have the form
F “ F ret ` F in “ F adv ` F out ,
where F ret{F adv is the retarded/advanced field of an electromagnetic current:
F
ret{adv
ab pxq “ 4pi
ż
Dret{advpx ´ yqrBaJbpyq ´ BbJapyqsdy
and F in{F out is a free incoming/outgoing field. In remote past and future
the current J is assumed to tend to asymptotic currents, homogeneous of
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degree ´3, with support inside the lightcone. Similarly, the free fields are
produced as radiation fields of currents with the asymptotic behavior of the
same type. We discuss the asymptotic behavior of fields in the half-space
t ě 0 with the use of representation F “ F adv ` F out; the case t ď 0 with
F “ F ret ` F in is analogous.
For t ě 0 and t ` |x| tending to infinity, the dominant contribution to
the advanced field comes from the asymptotic outgoing current. Therefore,
in this region this field is homogeneous of degree ´2, hence the field Cadv is
homogeneous of degree ´1, and the field B ¨Cadv is homogeneous of degree
´2. Thus for the advanced part the bounds (17) and (18) are satisfied. In fact,
the ´2 homogeneity of B ¨Cadv implies that for the corresponding part eadv
of e there is |B ¨ eadvpτ,xq| ď const{ cos τ , which is a bound of the type (20)
sufficient for the validity of Thm. 7.8
For the free outgoing field and its Lorenz gauge potential we use the
integral representations valid for solutions of the wave equation (see e.g. [6]):
F outab pxq “ ´
1
2pi
ż ”
la :Vbpx ¨ l, lq ´ lb :Vapx ¨ l, lq
ı
d2l , (40)
Aouta pxq “ ´
1
2pi
ż
9Vapx ¨ l, lq d2l .
Here l represents a vector on the future lightcone and d2l is the Lorentz-
invariant measure on the set of future null directions, applicable to functions
of l homogeneous of degree ´2. The function V describes the future null
asymptote of the potential and the field:
lim
RÑ8
RAoutpx`Rlq “ V px ¨ l, lq , lim
RÑ8
RF outpx `Rlq “ 2l^ 9V px ¨ l, lq ,
and 9V ps, lq “ BV ps, lq{Bs. Moreover, V ps, lq is homogeneous of degree ´1,
l ¨ V ps, lq “ 0, V ps, lq Ñ 0 for s Ñ 8, and 9V ps, lq (together with its low
orders derivatives in the cone variable) is bounded by constp1 ` |s|q´1´ε for
some ε ą 0. Using this bound it is easy to show that
|Aoutpxq| ď const
ż
dΩplq
p1` |x0 ´ x ¨ l|q1`ε
ď const
1` |x0| ` |x|
” θpx2q
p1` |x0| ´ |x|qε ` θp´x
2q
ı
,
where l represents unit 3-vectors and dΩplq “ sinϑdϑdϕ is the solid an-
gle measure, with ϑ measured with respect to x. In the region x2 ě 0
the field F out is estimated similarly as above (with the bound of :V ps, lq
by constp1` |s|q´2´ε following from earlier assumptions), but in the region
8The above reasoning is sufficient as it stands if the asymptotic currents do not have
oscillating contributions. However, a closer analysis of the cases such as the classical Dirac
field current, which does have oscillating asymptotic terms, confirms the above bounds also
in this case. We do not enter here into more detailed discussion of this point and refer the
reader to [4] and [6] for a more explicit discussion of the setting.
Electromagnetic gauge choice for scattering of Schrödinger particle 17
x2 ă 0 one first has to integrate in (40) once by parts with respect to ϑ angle
variable. In this way one finds
|F outpxq| ď const
1` |x0| ` |x|
” 1
p1 ` ||x0| ´ |x||q1`ε `
θp´x2q
1` |x0| ` |x|
ı
.
The estimate of Eout in (17) is obviously satisfied. We turn to the field Cout.
The relation (39) shows that this is again a solution of the wave equation
with the integral representation
Couta pxq “ ´
1
2pi
ż
9Wapx ¨ l, lq d2l .
Denote Lab “ laB{Blb´ lbB{Bla–the intrinsic differential operator on the light-
cone. With the use of identity
ş
LabF plqd2l “ 0 valid for each C1-function F ,
homogeneous of degree ´2, one shows that
W aps, lq “ V aps, lq ´ s 9V aps, lq ´ LabVbps, lq .
As l ¨W ps, lq “ 0, one has B ¨ Cpxq “ 0, so
B ¨Coutpxq “ 1
2pi
ż
l0 :W
0px ¨ l, lq d2l .
Now, it is easy to see that the function 9W ps, lq has the same decay properties
in |s| as function 9V ps, lq, so Coutpxq and B ¨Coutpxq are similarly estimated
as Aoutpxq and F outpxq, respectively. This is sufficient to satisfy the bounds
(17) and (18).
Appendix C. Differentiation of operators k˜
For a symmetric operator k˜ defined by (21) suppose that Dph0q is contained
in the domain of 9k and of the weak commutator rkpτq, hpτqsw defined for
ϕ, ψ P Dph0q by:
pϕ, rkpτq, hpτqswψq “ pkpτqϕ, hpτqψq ´ phpτqϕ, kpτqψq .
In this case we have Bτ pϕ, k˜ψq “ pϕ,
`
9˜k ´ iČrk, hsw˘ψq, and upon integrating
we can omit the product with ϕ to obtain
rk˜pτq ´ kp0qsψ “
ż τ
0
`
9˜k ´ iČrk, hsw˘pρqψ dρ ,
from which the differential form follows
9˜
kψ “ ` 9˜k ´ iČrk, hsw˘ψ .
For our basic observables it is easy to show, that the weak commutators are
equal to those calculated naively, so in particular
rx, hsw “ ipi .
Also, rather obviously, rh, hsw “ 0, so 9˜h “ 9˜h.
18 Andrzej Herdegen
References
[1] Duch, P: Weak adiabatic limit in quantum field theories with massless particles,
Ann. H. Poincaré 19, 875-935 (2018)
[2] Dereziński, J. and Gérard, Ch.: Scattering Theory of Classical and Quantum
N-Particle Systems, Springer, Berlin, 1997
[3] Dereziński, J. and Gérard, Ch.: Long-range scattering in the position represen-
tation, J. Math. Phys. 38, 3925-3942 (1997)
[4] Herdegen, A.: Long-range effects in asymptotic fields and angular momentum
of classical field electrodynamics, J. Math. Phys. 36, 4044-4086 (1995)
[5] Herdegen, A.: Semidirect product of CCR and CAR algebras and asymptotic
states in quantum electrodynamics, J. Math. Phys. 39, 1788-1817 (1998)
[6] Herdegen, A.: Asymptotic structure of electrodynamics revisited, Lett. Math.
Phys. 107, 1439-1470 (2017)
[7] Leinfelder, H. and Simader, C.: Schrödinger operators with singular magnetic
vector potentials, Math. Zeitschr. 176, 1-19 (1981)
[8] Niederer, U.: The maximal kinematical invariance group of the harmonic os-
cillator, Helv. Phys. Acta 46, 191-200 (1970)
[9] Reed, M. and Simon, B.: Methods of Modern Mathematical Physics, vol.I. Aca-
demic Press, San Diego, 1975
[10] Reed, M. and Simon, B.: Methods of Modern Mathematical Physics, vol.II.
Academic Press, San Diego, 1979
[11] Yafaev, D.R.: Mathematical Scttering Theory. Analytic Theory, American
Mathematical Society, Providence, 2010
[12] Yajima, K.: Schrödinger equations with time-dependent unbounded singular
potentials, Rev. Math. Phys. 23, 823-838 (2011)
Andrzej Herdegen
Institute of Physics
Jagiellonian University
ul. S. Łojasiewicza 11
30-348 Kraków
Poland
e-mail: herdegen@th.if.uj.edu.pl
